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Δμ = −RT log S
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Δμ

Δμ + = 
Δμ

A

B

B

A

(B)

(A)
= exp

(
−Δμ(B)−Δμ(A)

kBT

)
=

(B)

(A)

Δμ: 

AAAA

Δμ Δμ

= 
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ΔG = −RT ln K

exp −F RT( ) = dΓexp∫ −H RT( )

ρ̂ ε( ) = δ v ψ,xi( )−ε( )
i
∑

MD

(molecular dynamics, MD)
Newton

1 1

m
d2x

dt2
= −∂U

∂x



Gaussian

Γ : 

: 

1

= 



3 (E) (V) (N)
Γ P(Γ)

P(Γ) = constant = 1/W(E,V,N)
W(E,V,N): 

Boltzmann
S(E,V,N) = kBlogW(E,V,N) = –kBlog(P(Γ))

log( ) kB: Boltzmann

= 

(E)

→ P(Γ) 
Γ

P(Γ) = P(E(Γ)) 

2 I, II

→ PI+II(EI+EII) = PI(EI) PII(EII)

P
→ P(EI+EII) = P(EI) P(EII) → P(E) exp(–βE)  β

P(Γ) exp(–βE(Γ)) log( ) + 



A T ,V , N( ) = E Γ( )+ kBT log P Γ( ) at each Γ

=U −TS = E Γ( )P Γ( )
Γ
∑ + kBT P Γ( )log

Γ
∑ P Γ( )

P Γ( )∝exp −
E

kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

P Γ( ) = exp A− E
kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ exp −

A
kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟= exp −

E Γ( )
kBT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Γ
∑

−TS = kBT P Γ( ) log
Γ
∑ P Γ( )

NVT
2 (V) (N)
1 (T)

( E

exp −
A

kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟= exp −

Ei
kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

i
∑

exp −
A

kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟=

1
N !h3N

dΓexp −
E Γ( )
kBT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟∫

Ei i

Γ: 

E(Γ) Γ

h: 
N: 

h← ΔxΔp ~ h
N! ← 



G T ,P, N( ) = E Γ,V( )+ PV + kBT log P Γ,V( ) at each Γ,V( )
=U −TS + P V = E Γ,V( )+ PV( )P Γ,V( )

Γ,V
∑ + kBT P Γ,V( )log

Γ,V
∑ P Γ,V( )

P Γ,V( )∝exp −
E + PV

kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

P Γ,V( ) = exp G − E − PV
kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ exp −

G
kBT

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟= exp −

E Γ,V( )+ PV
kBT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Γ,V
∑

−TS = kBT P Γ,V( )log
Γ,V
∑ P Γ,V( )

NPT
1 (N)
2 (T) (P)

(E V

MD

1.

AMBER, CHARMM, OPLS, …

2. …

MD GROMACS, LAMMPS, …

3.



E =
1
2

Kl
bond (Rl − Rl

0 )2

l=1

Nbond

∑

+
1
2

Kl
angle (θl −θl

0 )2

l=1

Nangle

∑

+
1
2l=1

N torsion

∑ Kl
torsion 1− cos(nlϕ l −ϕ l

0 ){ }

+
1
2

Kl
inversion (1− cos |ωl −ωl

0 |)
l=1

Ninversion

∑

+ Dij
0 rij

0

rij

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

12

− 2
rij

0

rij

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

6⎧

⎨
⎪

⎩⎪

⎫

⎬
⎪

⎭⎪j>i

Natom

∑
i=1

Natom−1

∑

+
qiqj

rijj>i

Natom

∑
i=1

Natom−1

∑

bonding, 1-2

bending, 1-3

torsion, 1-4

inversion improper torsion,
1-4

Lennard-Jones
1-4 and 1-5, 

and/or 

bonded

nonbonded

dpi

dt
= −

∂H
∂ri

dri

dt
=
∂H
∂pi

H: 

NVE

A = lim
T→∞

1
T

A t( )dt
0

T

∫ = dΓA Γ( )P Γ( )∫

MD
P(Γ) Γ
NVE Γ



NVT NPT MD

Hext = H Γ( )+ ps
2

2Q
+ gkT log s

s

ps

ext

NVT P Γ( )∝exp −
H Γ( )
kT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Q = 0
do t = 1, # of snapshots

get the value q of Q(Γt)
Q = Q + q

enddo
Q = Q / (# of snapshots)

Q = d∫ ΓQ Γ( )P Γ( ) =
d∫ ΓQ Γ( )exp −

E Γ( )
kBT

⎛

⎝
⎜

⎞

⎠
⎟

d∫ Γ exp −
E Γ( )
kBT

⎛

⎝
⎜

⎞

⎠
⎟

P(Γ)

dΓQ Γ( )e

dΓ exp

Q(Γ) <Q> Γ: 



MD Δt

Verlet leap-frog 

MD Δt

SHAKE RATTLE LINCS SETTLE

Langevin 

NPT
Parrinello-Rahman Berendsen 

NVE
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DMPC SDS

SDS (sodium dodecyl sulfate)
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P h

I           II          III        IV         V         VI

 methane
 benzene
 ethylbenzene

hydrophobic
core

headgroup
region

aqueous
region

II III

II IV

I

(1)
Q(X) = q

Q(X) = q

N V T
Q(X)

Q(X) = q

X
P q( ) =

d∫ Xδ Q X( )− q( )exp −βU X( )( )
d∫ Xexp −βU X( )( )

δ Q X − q e

d∫ Xexp −β

exp −βG q( )( ) = dXδ Q X( )− q( )exp −βU X( )( )∫



(2)
Q(X) = q

Q(X) = q

q1 q2 2
q1 q2

log( ) + 

P q( ) =
d∫ Xδ Q X( )− q( )exp −βU X( )( )

d∫ Xexp −βU X( )( )

exp −βG q( )( ) = dXδ Q X( )− q( )exp −βU X( )( )∫

−kBT log
P q2( )
P q1( )

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
=G q2( )−G q1( )

(3)

K =
c B( )
c A( )

= exp −
G B( )−G A( )

RT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

P q2( )
P q1( )

= exp −
G q2( )−G q1( )

kBT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

=
dXδ Q X( )− q2( )exp −βU X( )( )∫

dXδ Q X( )− q1( )exp −βU X( )( )∫

system A

system B

c (A) A
c (B) B



UA(X): A
UB(X): B

ΔU(X) = UB(X) − UA(X)

A B ΔG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫
=

dXexp −βΔU X( )( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

= exp −βΔU X( )( ) A A
=

dX ( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

A



1 1
ψ ,  xi i
X
Ψ(ψ)
U(X)
v(ψ,x)

Δμ

Δμ = −kBT log
dψ dXexp −β Ψ ψ( )+ v ψ,xi( )

i
∑ +U X( )

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∫

dψ dXexp −β Ψ ψ( )+U X( )( )( )∫

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

U0 ψ,X( ) =Ψ ψ( )+U X( )

exp −βΔμ( ) =
dψ dXexp −β v ψ,xi( )

i
∑ +U0 ψ,X( )
⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∫

dψ dXexp −βU0 ψ,X( )( )∫
= exp −βΔV X( )( ) 0

ΔV X( ) = v ψ,xi( )
i
∑

0
=

dψ dX ( )exp −βU0 ψ,X( )( )∫

dψ dXexp −βU0 ψ,X( )( )∫

U0 (ψ,X)

(
0



0
=

dψ dX ( )exp −βU0 X( )( )∫

dψ dXexp −βU0 X( )( )∫
=

dψ dX ( )exp −β Ψ ψ( )+U X( )( )( )∫

dψ dXexp −β Ψ ψ( )+U X( )( )( )∫

Ψ(ψ)
MD

ψ

U(X)
MD 

X

(ψ,X) 

< … >0

exp −βΔμ( ) = exp −βΔV X( )( ) 0
ΔV X( ) = v ψ,xi( )

i
∑

f0(ΔV) U0 (ψ,X)
ΔV

ΔV exp(-βΔV) 0

ΔV

f0 ΔV( ) =
dψ dXδ ΔV − v ψ,xi( )

i
∑

⎛

⎝
⎜

⎞

⎠
⎟exp −βU0 ψ,X( )( )∫

dψ dXexp −βU0 ψ,X( )( )∫

exp −βΔμ( ) = d ΔV( )exp −βΔV( ) f0 ΔV( )∫



f0(ΔV)

ΔV

exp(-βΔV)

f(ΔV) exp(−βΔV) f(ΔV)
exp(−βΔV) f(ΔV)

2

exp(−βΔV) = 1012 (ΔV = −16.4 kcal/mol)
f(ΔV) 10–12 1

f(ΔV)

exp −βΔμ( ) = d ΔV( )exp −βΔV( ) f0 ΔV( )∫

UA(X): A
UB(X): B

Ui i = 0, ... N
i = 0 U0 = UA

i = N UN = UB

0 < i < N
i ΔUi = Ui+1−Ui



i = 0 U0 = UA i = N UN = UB

0 < i < N i ΔUi = Ui+1−Ui

ΔUi ΔGi

ΔUi N
N = 10-20

ΔG = ΔGi
i=0

N−1

∑ exp −βΔG( ) = exp −βΔGi( )
i=0

N−1

∏

exp −βΔGi( ) =
dXexp −βUi+1( )∫
dXexp −βUi( )∫

=
dXexp −βΔUi X( )( )exp −βUi X( )( )∫

dXexp −βUi X( )( )∫
= exp −βΔUi( )

i

i
=

dX ( )exp −βUi X( )( )∫
dXexp −βUi X( )( )∫

A B
ΔU(X) = UB(X) − UA(X)

A B ΔG

A → B

B → A

Δ Δ = −(−Δ) A vs B
ΔG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫
=

dXexp −βΔU X( )( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

= exp −βΔU X( )( ) A A
=

dX ( )exp −βU A X( )( )∫

dXexp −βU A X( )( )∫

exp βΔG( ) =
dXexp −βU A X( )( )∫

dXexp −βUB X( )( )∫
=

dXexp βΔU X( )( )exp −βUB X( )( )∫

dXexp −βUB X( )( )∫

= exp βΔU X( )( ) B B
=

dX ( )exp −βUB X( )( )∫

dXexp −βUB X( )( )∫



i = 0 U0 = UA i = N UN = UB

0 < i < N i ΔUi = Ui+1−Ui

i = 0, 1, ..., N−1

i = N, N−1, ..., 1

Bennett Acceptance Ratio BAR

ΔG = ΔGi
i=0

N−1

∑

exp βΔGi( ) =
dXexp −βUi( )∫
dXexp −βUi+1( )∫

=
dXexp βΔUi X( )( )exp −βUi+1 X( )( )∫

dXexp −βUi+1 X( )( )∫
= exp βΔUi( )

i+1

UA(X), UB(X) A B

A B ΔG

exp −βΔG( ) =
dXexp −βUB X( )( )∫

dXexp −βU A X( )( )∫

=
dXw X( )exp −βUB X( )( )exp −βU A X( )( )∫ dXexp −βU A X( )( )∫

dXw X( )exp −βU A X( )( )exp −βUB X( )( )∫ dXexp −βUB X( )( )∫

=
w X( )exp −βUB X( )( ) A

w X( )exp −βU A X( )( ) B

w(X) w(X) ?



w(X)
<...>A, <...>B A, B
NA, NB A, B
ZA, ZB A B

σ 2 log Q( ) = 1
N

var logQ( ) = 1
N

var Q( )
Q

2
=

Q2 − Q
2

N Q
2

σ 2 ΔG( )
kBT( )

2
=

w X( )exp −βUB X( )( ){ }
2

A

− w X( )exp −βUB X( )( )
A( )

2

NA w X( )exp −βUB X( )( )
A( )

2

+
w X( )exp −βU A X( )( ){ }

2

B

− w X( )exp −βU A X( )( )
B( )

2

NB w X( )exp −βU A X( )( )
B( )

2

=

dX ZA

NA

exp −βUB X( )( )+ ZB

NB

exp −βU A X( )( )
⎧
⎨
⎩⎪

⎫
⎬
⎭⎪

w X( )( )
2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
2

−
1

NA

−
1

NB

= 

w(X)

σ 2 ΔG( )
kBT( )

2
=

w X( )exp −βUB X( )( ){ }
2

A

− w X( )exp −βUB X( )( )
A( )

2

NA w X( )exp −βUB X( )( )
A( )

2

+
w X( )exp −βU A X( )( ){ }

2

B

− w X( )exp −βU A X( )( )
B( )

2

NB w X( )exp −βU A X( )( )
B( )

2

=

dX ZA

NA

exp −βUB X( )( )+ ZB

NB

exp −βU A X( )( )
⎧
⎨
⎩⎪

⎫
⎬
⎭⎪

w X( )( )
2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
2

−
1

NA

−
1

NB

w X( )exp −βUB X( )( ){ }
2

A

NA w X( )exp −βUB X( )( )
A( )

2
=

dX w X( )( )
2
exp −βUB X( )( )exp −βUB X( )−βU A X( )( )∫ ZA

NA dXw X( )exp −βUB X( )( )exp −βU A X( )( )∫{ }
2

ZA
2

=

dX ZA

NA

exp −βUB X( )( )
⎧
⎨
⎩⎪

⎫
⎬
⎭⎪

w X( )( )
2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −βUB X( )( )exp −βU A X( )( )∫{ }
2

<...>B



w(X)
NA NB

w(X)

1

kBT( )2
δ σ 2 ΔG( )( )
δ w X( )( )

=
δ

δ w X( )( )

dX
ZA
NA

exp −βUB X( )( )+ ZB
NB

exp −βU A X( )( )
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
w X( )( )

2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
2

−
1

NA
−

1
NB

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

=

2w X( ) ZA
NA

exp −βUB X( )( )+ ZB
NB

exp −βU A X( )( )
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
exp −β U A X( )+UB X( )( )( )

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
2

−

2exp −β U A X( )+UB X( )( )( ) dX
ZA
NA

exp −βUB X( )( )+ ZB
NB

exp −βU A X( )( )
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
w X( )( )

2
exp −β U A X( )+UB X( )( )( )∫

dXw X( )exp −β U A X( )+UB X( )( )( )∫{ }
3

δ σ 2 ΔG( )( )
δ w X( )( )

= 0

w X( ) = C
ZA
NA

exp −βUB X( )( )+ ZB
NB

exp −βU A X( )( )
C: X

w(X) ΔG

exp −βΔG( ) =
w X( )exp −βUB X( )( )

A

w X( )exp −βU A X( )( )
B

w X( ) = C
ZA

NA

exp −βUB X( )( )+ ZB

NB

exp −βU A X( )( )
f x( ) = 1

1+ exp βx( ) Fermi

w X( )exp −βUB X( )( )
A
=C

exp −βUB X( )( )
ZA

NA

exp −βUB X( )( )+ ZB

NB

exp −βU A X( )( )
A

=C NA

ZA

1

1+ ZBNA

ZANB

exp β UB X( )−U A X( )( )( )
A

w X( )exp −βU A X( )( )
B
=C

exp −βU A X( )( )
ZA

NA

exp −βUB X( )( )+ ZB

NB

exp −βU A X( )( )
B

=C NB

ZB

1

1+ ZANB

ZBNA

exp β U A X( )−UB X( )( )( )
B

w X( )exp −βUB X( )( )
A

w X( )exp −βU A X( )( )
B

= exp βD( )

1
1+ exp β UB X( )−U A X( )+D( )( )

A

1
1+ exp β U A X( )−UB X( )−D( )( )

B

= exp βD( )
f UB X( )−U A X( )+D( )

A

f U A X( )−UB X( )−D( )
B

exp βD( ) = ZB

ZA

NA

NB



Bennett Acceptance Ratio (BAR)

f x( ) = 1
1+ exp βx( )

exp −βΔG( ) =
w X( )exp −βUB X( )( )

A

w X( )exp −βU A X( )( )
B

= exp βD( )
f UB X( )−U A X( )+D( )

A

f U A X( )−UB X( )−D( )
B

exp βD( ) = ZB
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ψ x
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Coulomb Lennard-Jones
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soft-core potential
r = 0 vLJ,λ λ 

soft-core potential 

α p
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λ = 0 linear scaling                    soft core (α = 0.5,p = 1)
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POPC
POPC: 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine
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n-mer 1

μ ρ

μex

μn = nμ1 μn, μ1 n-mer
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